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Abstract. We consider symplectic Floer homology in the lowest non- 
trivial dimension, that is to say, for area-preserving diffeomorphisms of 
surfaces. Particular attention is paid to the quantum cap product. 



1. Introduction 

Let T = 7r (Diff + (M)) be the mapping class group of a closed connected 
oriented surface M of genus > 2. Pick an everywhere positive two- form lu on 
M. A theorem of Moser says that each g £ V admits representatives which 
preserve lo. These are automorphisms of the two-dimensional symplectic 
manifold (M, u), and the techniques of symplectic topology can be applied 
to them. We will use symplectic representatives eft which satisfy a certain 
additional monotonicity property. The benefit is that the Floer homology 
HF*((fi), which is a finite-dimensional Z/2-graded vector space over the field 
Z/2, is independent of the choice of <fi, hence an invariant of g; we denote 
it by HF*(g). There is an additional multiplicative structure, the quantum 
cap product 

* : H*(M;Z/2)®HF*{(f>) -> HF^); 

this is again independent of the choice of representative 4>, thus equipping 
HF*{g) with the structure of a Z/2-graded H*(M; Z/2)-module. The most 
familiar case is when g = e: HF*(e) = H*(M;Z/2), and * reduces to the 
ordinary cap product (this was announced in Q and ||; a detailed proof, 
in greater generality than envisaged by the earlier approaches, has appeared 
in ||). In particular, the quantum cap action of H 2 (M;Z,/2) = Z/2 on 
HF*(e) is nonzero. Our first result is that this characterizes the trivial 
mapping class. 

Theorem 1. For all g ^ e in T, the quantum cap action of H 2 (M; Z/2) on 
HF*{g) is zero. 

Floer homology does not distinguish between arbitrary mapping classes: 
there are cases when HF^(gi) = HF*{g2) as H*{M; Z/2)-modules and where 
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gi,g2 are not even conjugate. An easy source of such examples are fixed 
point free diffeomorphisms of finite order, since their Floer homology is 
always zero. 

Theorem 2. Suppose that a G i? 1 (M;Z/2) is a class whose quantum cap 
action on HF*(g) is nonzero. Then there is an I : S 1 — > M with g{l) ~ I 
and {a, [I]) = 1. 

Here ~ denotes the relation of free homotopy between loops in M. The 
same examples as before can be used to see that the converse to Theorem 
^ is false. By this we mean that one can have g(l) ~ I with [I] ^ in 
Hi(M;Z/2), and the action of H X {M; Z/2) on HF*{g) can still be zero. 

The strategy of proof is to consider a certain infinite (not usually Galois or 
connected) covering p^ : Mj, — > M canonically associated to <j> G Diff + (M). 
One can introduce a refined quantum cap product, in which the cohomology 
of this covering replaces that of M. More precisely: 

Lemma 3. Let <p be a monotone symplectic automorphism of(M,u). Then 
there is a map * fitting into a commutative diagram 

<g> HF*{(j)) HF*(4>) 

p^&d ^^^^^^^ 

H*(M;Z/2)®HF*((/)) 

In particular, if the quantum cap action of a G H*(M;Z/2) is nonzero, 
p^(a) must be nonzero. 

This, together with elementary topological arguments, yields the theorems 
above. To round off the discussion, we should mention that Floer homology 
can also be defined with integer coefficients. Our arguments carry over 
without any changes, and in the case of Theorem ^ this leads to a slightly 
better control over the homology class of I. 

Acknowledgments. The importance of the quantum module structure for 
symplectic isotopy questions was first pointed out by Callahan. Lemma ||| is 
inspired by a construction of Viterbo . Ivan Smith and Dietmar Salamon 
made useful comments on a preliminary version of this paper. 

2. Three topological preliminaries 

(a) Let 4> G Diff + (M). The definition of the covering p^ : — > M is 
that points of are pairs (x, [c]), where x G M, c : [0; 1] — > M is a 
path from c(0) = <f)(x) to c(l) = x, and [c] is the homotopy class of c 
rel endpoints. Equivalently, after choosing a hyperbolic metric on M, one 



FLOER HOMOLOGY AND MAPPING CLASS GROUP 



3 



can describe as the space of all geodesic paths c : [0; 1] — » M such 
that c(0) = (ft(c(l)). There is a canonical lift of <f> to a diffeomorphism 
: — > M<f>, (f)(x, [c]) = (4>(x), [4>(c)]); and it is not difficult to see that </> 
is homotopic to the identity map. In particular, if a loop I : S 1 — > M can 
be lifted to then </>(/) ~ I; and the converse is also true. This has an 
immediate consequence: 

Lemma 4. Let a G H 1 (M;Z/2) be a class such that p^a) ^ 0. Then there 
is a loop I such that 4>(l) ~ / and (a, [I]) = 1. □ 

Now suppose that has a connected component which is compact, so that 
the restriction of p& to it is a covering of finite order. Then every loop I has 
an iterate l k , k > 1, which lifts to Ma, so that 4>{l) k — l k - As one can 
see by looking at the unique geodesic representatives, this implies 4>(l) ~ I. 
From that one can deduce in various ways that [4>] G V is trivial, for instance: 
since lengths of closed geodesies form a set of coordinates on the Teichmuller 
space T of M [^, Expose 7, Theoreme 4] , it follows that the class g = [</>] G T 
acts trivially on 7. In other words, every hyperbolic metric on M admits 
an isometry lying in g. This means that g = e, or else that M is of genus 
two and (j) is isotopic to a hyperelliptic involution. However, hyperelliptic 
involutions act as —1 on Hi(M;Z), hence they can not satisfy 4>(l) ~ / for 
homologically nontrivial I. We have therefore proved: 

Lemma 5. If H 2 (M ( p;Z,/2) is nonzero, [eft] G T is the identity class. □ 

(b) For (j) in the group Symp(M, uj) of symplectic automorphisms, consider 
its mapping torus Tm = (R x M)/(t + l,x) ~ (t,(f)(x)), which is a three- 
manifold fibered over S . The pullback of w to 1 x M descends to a closed 
two- form ua G 2 (T^). The tangent bundle along the fibres of — > S 1 
is an oriented real two-plane bundle, whose Euler class we denote by ca G 
-ff 2 (T0;M). Now H* (T^M) fits into an exact sequence 

(1) ► iJ x (M;R) iT^MjK) 4 ff 2 (T^;]R) -» H 2 (M;R), 

where the last map is restriction to the fibre. Since the difference [lua] — 
(J M lo/x(M)) ca vanishes when restricted to a fibre, it is of the form d(m((p)) 
for some unique m((j)) G H [M; K)/im(id — (j)*). A computation shows the 
following: 

Lemma 6. Let (ipt)o<t<i be an isotopy in Symp(M, to) with V'o = id, and 
c G -ff 1 (M;M) its Calabi invariant. Then for any <p G Symp(M, u>) one has 
m((p o tp{) = m(cp) + c. □ 

Call (f> monotone if m((j)) = 0. These maps form a closed subspace (not 
subgroup) Symp m (M, u>) C Symp(M, w), and using Lemma ^ one can show 
that this is a deformation retract of Symp(M, to). By combining this with 
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Moser's theorem J?]] that Symp(M, to) <^-> Diff + (M) is a homotopy equiv- 
alence, and the Earle-Eells theorem 0] that the connected components of 
Diff + (M) are contractible, one gets: 

Lemma 7. The inclusion Symp m (M, uj) Diff + (M) induces an isomor- 
phism 7ro(Symp m (M, u)) = T. Moreover, each connected component of 
Symp m (M, uj) is contractible. □ 

(c) Choose a Morse function / on M, and a Riemannian metric such that 
the gradient flow of / is Morse-Smale. The Morse cochain complex CM*(f) 
is the graded vector space over Z/2 freely generated by the critical points 
of /, with the degree of a generator (x) given by its Morse index 
For fi(x + ) = fi(x-) + 1, let l(x~,x+) € Z/2 be the number modulo 2 
of flow lines of V/ going from x_ to x+. One defines a differential 5f : 
CM*(f) CM* +l {f) by S f {x-) = J2 x+ K x -, x +){x+)- Th e cohomology 
H(CM*(f), 6f) is canonically isomorphic to H*(M; Z/2); see Q for a proof. 

Now let p : M — ► M be a covering, and / = fop. Consider the graded 
vector space CM*(f) whose elements are (possibly infinite) formal sums of 
critical points of /, with Z/2 coefficients. Counting flow lines of V/ with 
respect to the pullback metric yields numbers l(x~,x+) € Z/2 for any two 
critical points x_, x + of / with = /i(x_) + 1, and from those numbers 

one constructs a differential Sj as before. The argument from [11] can be 
adapted to show that there is a canonical isomorphism 

H(CM*(f),5 f ~) =s H*(M;Z/2). 

Since any flow line of V/ is the lift of a flow line of V/, one finds that for 
any critical points of / and any x+ € p^ 1 (x+), 

Z(x_,x+)= ^2 l(x-,x+). 

p(X—)=X— 

This implies that the homomorphism p* : CM*(f) — > CM*(f) which takes 
any critical point to the sum of its preimages is a chain map. Via the 
canonical isomorphisms, its induced map can be identified with the usual 
pullback p* : H*(M;Z/2) -> H*(M; Z/2) on cohomology. 



3. Floer homology 



Fix 4> e Symp m (M,c;). Let A = {y G C°°(M,M) | y(t) = <f>(y(t + 1))} be 
the twisted free loop space, which is also the space of sections of T$ — > S . 
The action form is the closed one-form on defined by 

a^{y)Y = f oj(dy/dt,Y{t))dt. 
Jo 
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The main difference between our exposition and the ones in the existing 
literature, such as [H], is that we will admit a larger-than-usual class of 
perturbations of this one-form. 

Definition 8. H> is the space of smooth families b = (&t)teK of closed one- 
forms on M satisfying bt+i = 4>*°t and 

(2) f [b t ]dt Gim(id-<f) cff^MjR). 
Jo 

A condition equivalent to (Q) is that there should be closed one-forms at 
and functions H t on M such that %+l = ^* a t> H t +\ = 4>*Ht, and b t = 
—dat/dt + d-ffj. For a more intrinsic formulation consider the closed two- 
form on whose pullback to R x M is dt A bt- Then (Q) is equivalent to 
saying that this two-form is exact; in fact it is —d(at + Hfdt). Define the 
6-perturbed action form to be 

<*4,,b(v)Y = a^{y)Y + f b t (Y(t))dt. 

Jo 

The perturbation term which we have added is exact, since it is the derivative 
of the function y J at(dy/dt) + H t (y(t)) dt on A^. Hence = [a^] G 

H 1 (A ( j } ;'R). The set Z(b) of zeros of a^.b consists of the solutions y G A^ of 

(3) dy/dt = X b)t (y(t)), 

where X\,t is the symplectic vector field dual to bt- There is an open dense 
subset 23 re9 C 23 such that if b lies in it, all solutions of (|3|) are nondegen- 
erate. Nondegeneracy means that the map L y : TM y ^ — > TM y r\\ obtained 
by linearizing (|3|) near y satisfies det(id — D(/>y(i) ° Ly) 0- O ne then 
defines CF*(4>,b) to be the vector space over Z/2 freely generated by the 
finite set Z(b), with a Z/2-grading given by the sign of the above-mentioned 
determinant. 



Let 3 be the space of smooth families J = (Jt)teR of w-compatible almost 
complex structures on M such that Jt+\ = (p*Jt- For b G 23 re9 , J G 3, and 
y~,y+ G 2.(6), let M(y_, y + , 6, J) be the set of maps u : M? — ► M which 
satisfy 

f u(s,t) = 4>(u(s,t + 1)), 

(4) ^ lim s _ >=too u(s, •) = y±, 

+ J t (u)(du/dt - X bit (u)) = 0. 

To each such map is associated a Fredholm operator D u which linearizes (|j) 
in suitable Sobolev spaces. We write Mfc(y_, y + , b, J) for the subset of those 
u with m.dex.{D u ) = k G Z. 

Lemma 9. TTie energy 



E(u) 





du 


2 


1 

/Rx[0;l] 


ds 


Jt 
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is constant on each Mfc(y_, y + , b, J). 



Proof. Take u, v € Mk(y~,y+,b, J) and consider them as maps R — » A^, 
s i— > it(s, •) respectively v(s, •), with the same asymptotic behaviour. Because 
of the gradient flow interpretation of (Q) , the energy of each is equal to minus 
the integral of along it. Gluing u, v together at the ends yields a map 
w = uj^v : 5 1 —s- A^, unique up to homotopy, such that E(u) — E(y) = 
— f gl w*a ( p j b = — f s i w*a l f>. One may view w as a map S l x S l — > T<f,, and 
rewrite the last equality as 



(5) E{u) - E{v) = / u>*c«^. 

The fact that index(D u ) = index(D 1) ) = k, together with a standard gluing 
theorem for the index, shows that w*c^ € H 2 (S l x S 1 ) is zero. Since (j) 
is monotone this implies that the right hand side of (||) is zero, so that 
E(u) = E(v). □ 

For each b G H re9 there is a dense subset 3 re9 (b) C 8 of almost complex struc- 
tures J such that all solutions of (Q) with arbitrary y_, y + are regular, mean- 
ing that D u is onto. Then each M/%(y_, y+, 6, J) has a natural structure of a 
smooth /c-dimensional manifold. Moreover, the quotients Mi (y_ , y+ , 6, J)/M 
by translation in s-direction are actually finite sets. Denoting by n(y_,y + ) 
the number of points mod 2 in each of them, one defines a differential 
d b>J : CF^b) CF, ±1 (<t>,b) by d M (y_> = n(y_, y+)(y+). This 
satisfies d^jod^j = 0, and its homology is by definition the Floer homology 
HF*((f)). The necessary analysis is the same as in the slightly different situa- 
tions considered in [Q], §. In fact, the pertubation does not really affect the 
analytic arguments, since a change of variables transforms (|j) into a similar 
equation without the X^ t term. Note also that bubbling is not an issue, as 
we have ^(M) = 0. 

A continuation argument shows that Floer homology is independent of the 
choice of b and J up to canonical isomorphism. This involves an equation, 
with periodicity and convergence conditions as before, 

ft! I (Jl I 

(6) — + J Sit («)(— =0. 

Here the b St t are closed one- forms on M, which are s-independent if |s| is 
sufficiently large; and one supposes again that b Stt = —da St t/dt + dH Sjt , 
where a s ,t an d H s j are also s-independent for |s| S> 0. The construction 
follows closely the familiar pattern |l0| and only one step deserves a separate 
mention, namely, the proof of the energy estimate. Let u be a solution of 
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(^) with limits y±. A straightforward computation yields 



E{u) 



x[0;l] 



du 



Os 



2 



,du du y 



{+oo}x[0;l] 



,du 



) + H s>t (u)) + / (°«,*(^) + 

J J{-oo}x[0;l] V at 
x[0;l] ^ JRx[0;l] 0,5 JRx[0;l] 0,5 0,5 

One can show in the same way as in Lemma || that the first term J u*cu 
depends only on y± and on the expected dimension of the moduli space of 
solutions near u. The second and third term obviously depend only on y±; 
the fourth and fifth one are bounded by constants independent of u; and the 
last one by a constant times E{u) 1 / 2 . It follows that on any relevant moduli 
space of solutions there is an inequality E{u) < const\ + const2 Eiu) 1 ^ 2 , 
giving an upper bound for E(u). 

Let (4> o tpt)o<t<i De an isotopy in Symp m (M, u) such that tp t = id-M f° r 
small t, and which is constant for t near 1. Let q be the closed one-forms on 
M which generate the isotopy, q = uj(-, Dip^ 1 (dipt / dt)) . Because of Lemma 
||, the fact that the isotopy stays within Symp m (Af, lo) means that 

(7) [cj] G im(id - f) C H l (M; R). 

Set (f)' = (f> o ipi and define a diffeomorphism \& : A^i — > by (\&y)(i) = 
il>t(y(t)) for < t < 1. A straightforward computation shows that \l/*au6 = 
ay i6 ' where b' t = tp^b t - c t for < t < 1. (|) implies that 6' = (6£) G B. 
Choosing b G B re9 and J G 3 reg (b) and setting J t ' = -0|Jt, one has that 
b' G B re9 and J' G d re9 (b'). induces an isomorphism of chain complexes 
(CF*((f>' ,b'),dy t jr) — * (CF*((j),b),db t j), which implies that 

(8) HF*((f)) = HF*((j>). 

This, together with the first part of Lemma 0, allows one to define HF*(g) 
for g G r as the Floer homology of any monotone symplectic representa- 
tive. One can actually prove that the isomorphisms (||) are canonical, which 
means independent of the choice of the path (eft o tpt) between <j> and </>'. 
We will not really use this, but it seems appropriate at least to outline the 
argument. Suppose first that we have an isotopy with ip\ = id a/, so that 
(j)' = (p. Then our construction defines an automorphism of HF*(cj)). In a 



slightly different situation, such automorphisms were studied in [12|, and 
a suitably adapted version of [12|, Proposition 5.1] shows that they depend 
only on the class of (ipt)o<t<i in 7i"i(Symp m (M, cj)). This fundamental group 
is trivial by Lemma 0, hence the automorphism of HF*(cj)) is the identity. 
The general statement can be derived from this special case, by considering 
the composition of a map (||) and the inverse of another one, coming from 
a different isotopy. 
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4. Quantum cap product 

Take <j> G Symp m (M,cu), b G S re » and J G T e Hb) as before. We begin by 
recalling the Gromov-Floer compactification M&(y_, y+,b, J) of the space 
Mfc(y_, y + , 6, J). As a set, this is the disjoint union of 



HM h (yt l ,yi,b,J)/R x M fc _ EiJi _ E (y^,y°,M) 



(9) i=1 



9 



for all p, g > 0, li,rrij > 0, and y!_,yi. G %(&) with y_ = y_ and y:L = 
y_l_. We will not write down the definition of the topology, but one of 
its properties is that if a sequence (life) in Mk(y-,y+,b, J) has a limit 
. . . , v, [vf], . . . , [ujj - ]) then the Uk converge uniformly on compact 
subsets towards the principal component v (which may be s-independent). 
As a consequence, the evaluation map 7] : Mk(y~,y+,b, J) — > M, r/(u) = 
u(0, 1), has a natural continuous extension fj to the compactification. 

Choose a Morse function / on M and a Riemannian metric for which V/ 
is Morse-Smale. We may assume that the unstable (for the flow of V/) 
manifolds W u (f, x_) C M of all critical points x_ are transverse to rj for 
all y~,y+ and fc. If is equal to the Morse index /x(rc_), the preimage 
?7 _1 W"(/, x_) C Mfc(y_, y+, 6, J) is zero-dimensional. Moreover, a dimen- 
sion count using (||) shows that the two sets 

fj~ 1 (W u (f,x-.)\W u (f,x-))] 
r ^(/,x_)\^^(/,x_) C fe( ^' y+ " } 



are empty. This implies that r/ _1 H /u (/, x_) C Mjt(y_, y+, 6, J) is closed in- 
side the Gromov-Floer compactification, hence a finite set. Let q(x-, y_, y+) 
be the number of points mod 2 in it; one defines a homomorphism 

CM*(f) ® CF*(0, 6) — » CF*(0, 6), 
( 10 ) <g> (y_) i — ► ^<?(x_,y_,y + )(y + ). 



The next step is to consider the spaces r\ 1 W u (f, x_) C Mfc(y_, y + , 6, J) in 
the case where they are one-dimensional, which is when k = n{x-) + 1. A 
gluing argument shows that their closures fj~ 1 W u (f, xJ) C Mfc(y_, y + , b, J) 
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are one-dimensional manifolds with boundary, and by counting their bound- 
ary points one sees that 

^ l(x-, x)q(x, y-,y + ) + ^ n(y_,y)q(x-,y, y + ) 

x y 

+ Yl y+)v( x - > y- > y) = °> 

y 

where I and n are defined in sections ^c and ||, respectively. This means 
that ( |l0| ) is a chain map. The induced map on homology is, by definition, 
the quantum cap product * : H*{M; Z/2) (g) HF*(cp) — > HF*(cp). This can 
be proved to be independent of the Morse function / and the Riemannian 
metric, and of the choices made in the definition of HF*((j)). One can also 
prove, but we will not really use it here, that it makes HF*((fi) into a mod- 
ule over the cohomology ring of M. Moreover the quantum cap product 
commutes with the isomorphisms @, so that it gives rise to a well-defined 



module structure on HF*(g) for g G T. Details can be found in ||, §, (11], 
H; the situation considered in those references tends to differ slightly from 
the one here, but the arguments carry over with minimal changes. 

The construction of the refined product * parallels that of *. Let p^ : — > 
M be the covering introduced in section |2]a. The evaluation maps rj have 
natural lifts £, 




M fc (y_ ,y+,b t J) ^ M. 



Namely, £(it) is the pair (x, [c]) consisting of x = u(0, 1) and the homotopy 
class [c] of the path c(t) = u(0, t) from (f>(x) = u(0, 0) to x. In the same way 
as before, one sees that £ extends naturally to a continuous map £ on the 
Gromov-Floer compactification, which is a lift of fj. 

Consider the pullback Morse function f = f °p<{> and metric on M<f,. Then 
p^ 1 W u (f, X-) is the disjoint union of W u (f,X-) over all preimages ai_ of 
x_. Together with the commutativity of ( |IT| ) this yields that 

v - 1 W u (f,x-)= □ r 1 r(/,L)cM i (^,!/ + ,M), 

p (ji (x_)=a;_ 

In particular, if fc equals the Morse index of x_ (and hence of the 
sets (,~ 1 W u (f, X-) C Mk(y~,y+, b, J) are finite, and only a finite number of 
them is nonempty as one ranges over all x_. Denoting by q(x~,y-,y + ) the 
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number of points mod two in these sets, one defines 
CM* {f) ® CF*(<ft, b) — ► CF*(<ft, b), 

( 12 ) (£_) <g> i — > ^g(x_,y_,y + )(y + ). 

y+ 

From looking at the one-dimensional spaces rj~ l W u (f,X-) and applying to 
their ends the same argument as before, one gets 



X 



l(x-,x)q(x,y-,y + ) + ^n(y„,y)q(x-,y,y + ) 

y 

+ Yl y+)$( £ - > y- ' y) = 



with Z as defined in section [2]c, so that * is a chain homomorphism. Moreover, 
by definition E P0 (x_)=x_ <K 5 -' V—> V+) = Q(. x ->y-,y+)> so that the maps 



(10) and (U]) fit into a commutative diagram 

CM* {f) ® CF„(0, 6) CF*(0, 6) 

CM*(f)®CF*((ft, b) 



Therefore dg) induces a map * : H*{M 4> ) <8> HF*(<ft) -> HF^cft) which 
satisfies the conditions of Lemma ||. Having that, we can now prove the 
two theorems stated at the beginning of the paper. If g = [eft] is nontrivial, 
-£f 2 (M^,; Z/2) is zero by Lemma ^, which means that a* y = p*Aa)*y = 
for a € H 2 (M; Z/2) and y € HF*(g), as claimed in Theorem 0. In the same 
way, Lemma and Lemma imply Theorem 0. 
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